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A note on two-dimensional minimal surface graphs in Rn
and a theorem of Bernstein-Liouville type
Steffen Fro¨hlich
Abstract
Using Schauder’s theory for linear elliptic partial differential equations in two
independent variables and fundamental estimates for univalent mappings due
to E. Heinz we establish an upper bound of the Gaussian curvature of two-
dimensional minimal surface graphs in Rn. This leads us to a theorem of
Bernstein-Liouville type.
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1 Non-parametric settings
For natural n ≥ 3, let us consider a two-dimensional minimal surface graph
X(x, y) = (x, y, ϕ1(x, y), . . . , ϕn−2(x, y)), (x, y) ∈ BR ,
with functions ϕΣ ∈ C
2(BR,R), Σ = 1, . . . , n − 2, on the topological closure BR ⊂ R
2 of the
open disc
BR :=
{
(x, y) ∈ R2 : x2 + y2 < R2
}
, R ∈ (0,+∞).
With the minimal surface we associate the moving frame {Xx,Xy, N1, . . . , Nn−2} consisting of
the tangent vectors
Xx = (1, 0, ϕ1,x, . . . , ϕn−2,x), Xy = (0, 1, ϕ1,y , . . . , ϕn−2,y),
where the indices x and y denote the partial derivatives w.r.t. the coordinates, and the linearly
independent unit normal vectors
N1 :=
1√
1 + |∇ϕ1|2
(−ϕ1,x,−ϕ1,y, 1, 0, . . . , 0, 0),
...
...
Nn−2 :=
1√
1 + |∇ϕn−2|2
(−ϕn−2,x,−ϕn−2,y, 0, 0, . . . , 0, 1).
(1)
2 Introduction of conformal parameters
Instead of the coordinates x and y, we prefer to consider the graph conformally parametrized
(see [7]). Let (u, v) ∈ B, where B := B1, then we get the immersion
X(u, v) = (x1(u, v), x2(u, v), x3(u, v), . . . , xn(u, v)), (u, v) ∈ B,
of regularity class X ∈ C2(B,Rn) ∩C0(B,Rn), while the following properties hold true:
1
(a) the plane mapping
F ∗(u, v) := (x1(u, v), x2(u, v)) : B −→ BR
is one-to-one, it has a positive Jacobian, it satisfies F ∗(0, 0) = (0, 0), and F ∗ : ∂B → ∂BR
is a topological mapping, where
∂BR :=
{
(x, y) ∈ R2 : x2 + y2 = R2
}
denotes the boundary of BR;
(b) the conformality relations
|Xu|
2 =W = |Xv |
2 , Xu ·X
t
v = 0 in B
with the surface area element
W :=
√
h11h22 − h
2
12 , hij := Xui ·X
t
uj for i, j = 1, 2
and u1 ≡ u, u2 ≡ v.
Now, consider any differentiable unit normal vector field N = N(u, v). W.r.t. its direction we
define the coefficients of the second fundamental form by
LN,ij := Xuiuj ·N
t , i, j = 1, 2.
The mean curvature and the Gaussian curvature in direction of N read
HN :=
LN,11h22 − 2LN,12h12 + LN,22h11
2W 2
, KN :=
LN,11LN,22 − L
2
N,12
W 2
.
In terms of the corresponding principle curvatures κN,1 and κN,2, we can write
HN =
κN,1 + κN,2
2
, KN = κN,1κN,2 .
Lemma. Let X ∈ C2(B,Rn) ∩C0(B,Rn) be a minimal immersion. Then there hold
HN (u, v) ≡ 0 in B
for all differentiable unit normal vector fields N = N(u, v).
For the proof of this Lemma and further results on two-dimensional minimal immersions we
refer to the fundamental paper [6].
3 The main result
The main object of this note is the following
Theorem. Let the minimal surface graph X(x, y) = (x, y, ϕ1(x, y), . . . , ϕn−2(x, y)) with ϕΣ ∈
C2(BR,R), Σ = 1, . . . , n − 2, be given. Then, for the principle curvatures κN,1 and κN,2 in
direction of any unit normal vector field N, there is a universal constant Θ ∈ (0,+∞) such that
in terms of conformal parameters (u, v) ∈ B it holds
κN,1(0, 0)
2 + κN,2(0, 0)
2 ≤
1
R4
Θ ‖X‖2C0(B)
with the Schauder norm
‖X‖C0(B) := sup
(x,y)∈B
|X(x, y)|.
2
We conclude the following result of Bernstein-Liouville type:
Corollary. For large R, let ‖X‖C0(BR) ≤ ΩR
ω with a real constant Ω ∈ (0,+∞) and ω ∈ [0, 2).
Then, if the minimal graph is complete, that is it is defined over the whole plane R2, it represents
an affine plane.
First, we continue with some remarks.
Remarks. 1. The corollary is sharp in the following sense: the holomorphic function z 7→ z2,
z = x+ iy, induces the minimal graph (z, z2) in R4 which is not linear.
2. Graphs (z,Φ(z)), where Φ = Φ(z) is any holomorphic function, are minimal in R4. Thus,
the above corollary can be read as a generalization of the well-known Liouville theorem.
3. In [6], using methods from complex function theory it was proved a curvature estimate
and a theorem of Bernstein type for two-dimensional minimal immersions in Rn under
the assumption that all normals of such a surface omit any given neighborhood of some
direction in space.
In [1], Osserman’s condition enabled us to establish upper curvature bounds for immersions
of prescribed mean curvature fields. The assumptions of our theorem above are more
restrictive but the proof of the theorem seems to be simpler.
Proof of the Theorem. 1. Note that
|KN (0, 0)| =
|LN,11(0, 0)LN,22(0, 0) − LN,12(0, 0)
2|
W (0, 0)2
≤
|Xuu(0, 0)||Xvv (0, 0)| + |Xuv(0, 0)|
2
W (0, 0)2
.
Thus, we have to establish an upper bound for the second derivatives Xuu(0, 0) etc., and
a lower bound for W (0, 0).
First, a minimal surface in conformal parameters is harmonic, that is (see [6])
△X(u, v) = 0 in B.
Applying [4], Theorem 4.6, there is a constant C1 ∈ (0,+∞) such that
|Xuiuj (0, 0)| ≤ C1‖X‖C0(B), i, j = 1, 2.
2. Instead of the plane mapping F ∗ = F ∗(u, v) we consider the normalization
F (u, v) :=
1
R
F ∗(u, v), (u, v) ∈ B.
Together with the properties of F ∗ mentioned above in point (a), due to [8], vol. II, chapter
XII, Satz 1 there is a universal constant C2 ∈ (0,+∞) such that
|∇F (0, 0)|2 ≥ C2
(E. Heinz, 1952). Now, using the conformality relations we estimate as follows:
2W (0, 0) = |∇x1(0, 0)|2 + |∇x2(0, 0)|2 + |∇x3(0, 0)|2 + |∇x4(0, 0)|2
≥ |∇F ∗(0, 0)|2 = R2|∇F (0, 0)|2 ≥ R2C2 .
3
3. We arrive at the estimate
|KN (0, 0)| ≤
8C21‖X‖
2
C0(B)
R4C22
.
Finally,
κ2N,1 + κ
2
N,2 = 2(2H
2
N −KN ) = 2(−KN ) ≥ 0 for any N
yields
κN,1(0, 0)
2 + κN,2(0, 0)
2 ≤
1
R4
16C21
C22
‖X‖2C0(B) .
Setting Θ := 16C21C
−2
2 proves the theorem.
Proof of the Corollary. We introduce conformal parameters (u, v) ∈ B.
(i) Orthonormalization of the unit normal basis given in (1) yields a unit normal frame
{N1(u, v), . . . , Nn−2(u, v)} such that
NΣ(u, v) ·NΩ(u, v)
t = δΣΩ :=
{
1 for Σ = Ω
0 for Σ 6= Ω
.
The Gaussian curvature K (that is the non-trivial component of the Riemann curvature
tensor) can be calculated by
K =
n−2∑
Σ=1
KΣ
with the Gauss curvatures KΣ in direction NΣ (see [2], equation (6.3,17)). For our minimal
surface graph there hold HΣ = 0 and KΣ ≤ 0 for Σ = 1, . . . , n− 2.
(ii) For large R, we have by assumption ‖X‖C0(B) ≤ ΩR
ω. From the curvature estimate above
we conclude
κN,1(0, 0)
2 + κN,2(0, 0)
2 ≤
1
R4
R2ωΘΩ2 =
1
R4−2ω
ΘΩ2
for any N = N(u, v) of the orthonormal section {N1, . . . , Nn−2}. Letting R → ∞ implies
KN (0, 0) = 0 and therefore K(0, 0) = 0 for the Gaussian curvature. By [5], chapter III, §5,
Lemma 3, the graph is linear.
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